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We study the possible existence of static traversable wormholes without invoking exotic matter in the 
framework of the Einstein-Cartan theory. A family of exact static, spherically symmetric wormhole solutions 
with an arbitrary throat radius, with flat or AdS asymptotic behavior, has been obtained with sources in 
the form of two noninteracting scalar fields with nonzero potentials. Both scalar fields are canonical (that 
is, satisfy the weak energy condition), one is minimally and the other nonminimally coupled to gravity, and 
the latter is a source of torsion. 


1 Introduction 

Recent cosmic observations favor an isotropic, spa¬ 
tially flat Universe, which is at present expanding 
with acceleration. Establishment of the origin of 
this acceleration has become one of the most impor¬ 
tant problems in cosmology and even in theoretical 
physics as a whole. Different theoretical models 
trying to explain it have been put forward (see, 
e.g., the reviews [1-4] and references therein). In 
the framework of general relativity (GR), this ex¬ 
pansion may be ascribed to a source in the form of 
an unknown substance with a large negative pres¬ 
sure, called dark energy (DE), and its most popular 
model agreeing with observations is the cosmolog¬ 
ical constant. Many models have been suggested 
in alternative theories of gravity, in particular, in 
the Einstein-Cartan theory (ECT), see, e.g., [5- 
7]. This theory [8-11] is an extension of GR to a 
space-time with torsion, and it reduces to GR if the 
torsion vanishes. 

The ECT is the simplest version of the Poincare 
gauge theory of gravity (PGTG), in which the tor¬ 
sion is not dynamic because the gravitational action 
is proportional to the curvature scalar of Riemann- 
Cartan space-time. In this sense, the ECT is a de¬ 
generate gauge theory [11-14], This shortcoming is 
absent in the full PGTG since its gravitational La- 
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grangian includes invariants quadratic in the curva¬ 
ture and torsion tensors. Nevertheless, the ECT is 
a viable theory of gravity whose observational pre¬ 
dictions are in agreement with the classical tests 
of GR, and it significantly differs from GR only at 
very high densities of matter [11. 15,16] 


The interest in the ECT has recently grown in 
connection with the fact that torsion arises natu¬ 
rally in supergravity [17-19], Kaluza-Klein [20-22] 
and superstring [23-25] theories. f(R ) gravity with 
torsion has been developed [26,27] as one of the 


simplest extensions of the ECT. In 27 it has been 
demonstrated that, in f(R) gravity, torsion can be 
a geometric source of accelerated expansion. 

Some cosmological models in ECT have turned 
out to be nonsingular, with a cosmological singu¬ 
larity replaced by a bounce [ 7 ], while a similar re¬ 
sult is achieved in GR only by invoking “exotic” 
sources, violating the energy conditions respected 
by usual matter, above all, the weak and null en¬ 
ergy conditions (WEC and NEC). It is well known 
that in GR such a violation is a necessary condi¬ 
tion for the existence of traversable wormholes 128]. 
Wormholes as possible time machines, or “tunnels” 
between universes or distant parts of the same uni¬ 
verse, are a subject of particular interest, for re¬ 
views see 


29-31 and references therein. 


Well known are wormhole solutions of GR with 
minimally coupled phantom scalar fields (those 
with a wrong sign of kinetic energy), with or with- 
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out electric or magnetic charges as well as poten¬ 
tials, see [32-35] and references therein, while with 
normal fields having positive kinetic energy worm- 
holes are impossible. For scalar fields with nonmin- 
irnal couplings the situation is more subtle: even 
with normal fields there exist some special worm- 
hole solutions (see [32, 


36 


for solutions with con¬ 


formal coupling and 37-39 for other couplings). 
However, in all such cases the wormhole solutions 
inevitably contain regions where the effective grav¬ 
itational constant becomes negative, that is, the 
gravitational field itself becomes a phantom |40|41 


Moreover, all such configurations, whose existence 
is connected with the phenomenon of conformal 
continuation 40,42 , turn out to be unstable under 


radial perturbations 39,43,44 


An aspect of interest for scalar fields with non- 
minimal coupling is that the existence of a throat 
as a local property of space-time does not yet 
mean that the configuration as a whole is a worm- 
hole. It has been shown, in particular, that in 
the Brans-Dicke scalar-tensor theory of gravity, 
throats in static, spherically symmetric solutions 
can exist with any value of the coupling constant 
uj whereas wormholes as global entities only exist 
in the “phantom range” uj < —3/2 |45| . 

One more possible source of unusual geometries 
without WEC or NEC violation is a vortex gravi¬ 
tational held [47[|48] existing in rotating configura¬ 
tions. Wormholes have been found among rotating 
cylindrically symmetric configurations |49| without 
exotic matter, but the main problem with them is 
their non-hat asymptotic behavior which does not 
allow them to be interpreted as objects in the ob¬ 
servable Universe. Torsion in the ECT is to a cer¬ 
tain extent similar to rotation in GR, therefore it 
is natural to expect that wormholes can exist in it 
without WEC or NEC violation. 

We here seek regular static, spherically symmet¬ 
ric configurations with normal, non-phantom scalar 
helds in the framework of the ECT and hnd some 
examples of wormhole solutions involving a non- 
minimally coupled scalar held as a source of tor¬ 
sion. 

The paper is organized as follows. In Section 2 
we present the ECT equations both in the general 
case and for static, spherically symmetric config¬ 
urations involving two scalar helds of which one 
is minimally and the other nonminimally coupled 


with space-time curvature. Section 3 is devoted to 
finding and analyzing the properties of a family of 
exact solutions, and Section 4 is a discussion. 


2 Field equations 


We start with the action 

S = f \/^gd A x + y (j>,k(i>’ k + 


+ , (i) 


where i?[T] is the curvature scalar obtained from 
the full connection = {()} + S^ k + S\ 3 + S k { ; 
here {(/} are Christoffel symbols of the second kind 
for the metric g^', S/A = TjC] is the torsion ten¬ 
sor; k = 8irG, G being the Newtonian gravita¬ 
tional constant; cj) and ip are two noninteracting 
scalar helds with the potentials V(cj)) and W{if}) , 
respectively. The constants 77^2 = ±1 correspond 
to either usual, canonical (77 = + 1 ) or phantom 
(77 = — 1 ) scalar helds. 

The metric gik has the signature (+ —-), 

the Riemann and Ricci tensors are defined as 


d m pm pm . pmpP pm pP 

ijk • 1 jk,i ik,j ' ip*- jk ^ jp^ ik 

and Rjk = Rj,j£ • We should note that, in the 
framework of ECT, a scalar held nonminimally cou¬ 
pled to gravity gives rise to torsion, even though 
the scalar held has zero spin. It follows from ([Tj) 
that the torsion can interact with a scalar held only 
through its trace: S) = S ik k (see [46]). Hence, the 
curvature scalar i?(T) = g^ k Rjk can be presented 
in the form |46 

R[ r] = R[{}} + 4 v k s k - ( 8/3 )s k s k , ( 2 ) 

where R[{}] is the Riemannian part of the curva¬ 
ture built from the Christoffel symbols; V& is the 
covariant derivative of Riemannian space. 

Varying the action with the Lagrangian § in 
gij , Sk, $ and ?/>, we obtain the following set of 


equations: 

G/jK}] = n(Tij[(j)\ + Tij[tp]) + Aij, (3) 

S k = (4) 

U(j> - £ 0 i?[T] + 771 dv/dcj) = 0, (5) 

□ 7 / + g2dW/d'i/j = 0 , ( 6 ) 
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where 


Tij[4>] = m 



p^+mm 2 


~ 2 m V(d>) 


9ij + £ 


45 (i V i} + 2 9ij S n V n 


— VjVj + gijO + -Rjj[{}] — A ij 



( 7 ) 


Tij[ip\ = - \M’ m 9i 3 ) +W('i/j)g ij ,( 8 ) 

A a = 3 StSj - 3 S k S k 9ij . (9) 

Here □ is the d’Alembertian operator of Rieman- 
nian space, and we denote 'h = n{g\ — £ np 2 )~ 1 . 

It is not difficult to verify that the effective 
scalar-torsion stress-energy tensor T^\<p] 

T^\p]=T ij [P] + «-%, ( 10 ) 

and the scalar stress-energy tensor Tij [ip] are sep¬ 
arately covariantly conserved since no explicit cou¬ 
pling is assumed between the scalar fields: 

v^] = v%w = o. ( 11 ) 

The general static, spherically symmetric met¬ 
ric can be written in the form 

f)n , 2 

ds 2 = A{u)dt 2 — — r 2 {u)dVt 2 (12) 

in terms of the so-called quasiglobal radial coor¬ 
dinate |31 , where goo = A(u) may be called the 
redshift function while r(u) is the area function; 
dQ 2 = dO 2 + sin 2 Odtp 2 is the linear element on a 
unit sphere. (As usual, the metric is only formally 
static: it is really static if A > 0, but it describes 
a Kantowski-Sachs (KS) type cosmology if A < 0, 
and u is then a temporal coordinate.) We also con¬ 
sider <p = <p{u) and ip = ip(u) ■ 

The nonvanishing components of the effective 
scalar-torsion stress-energy tensor are given by 


Tl (eff) [<)>] = VitP 2 G\[{}} + Y + 77! [2£#"A 


+ (ppp'A 1 + (-1 + 2 i + 6£VT)<// 2 A 
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(13) 

T 2 ^[P\ = Tl eS [cP\ 



= Vi £ 0 2 G 2 [{}] + Y + 2771 ^ pplA, 


(14) 

T$ eS [P} = mt<P 2 G° 0 [{}} + y + mWA’, 

(15) 


where the prime means d/du and 
Y = V{(/>) + 771 A 




+ (J-2£-3£V* 


i/2 


(16) 


and G ),[{}] is the Einstein tensor of Riemannian 
space. The stress-energy tensor of the scalar held 
ip is 

TtW = dia g(!> - 1 ’ !) + (17) 

The scalar held equations and three indepen¬ 
dent combinations of the Einstein-Cartan equa¬ 
tions read 


(i - e 


dv 


A" + 


K 

4 Ar" 4 A'r' 
-b- 


r 


2 Ar' 2 


r 2 r 2 

(Ar 2 ip , y = r]2r 2 dW/dip , 
(A'r 2 )' = —2r]ir 2 (V + VH)T 
+ 2 ^r 2 if pep"+ p' 2 + 2^ 


= 0 , 


, A' r' 

2I a + V 


2— = -gig 2 ip' 2 ^ + 'k 


2 £#" 


+ (-l + 2£ + 6 Z 2 p 2 V)p‘ 


i /2 


(18) 

(19) 

( 20 ) 

( 21 ) 


A(r 2 )" - r 2 A" = 2 + 2 - A 7 ) . ( 22 ) 
It should be noted that the scalar held equation 


(18) follows from {19)—(22). 


Noteworthy, in the Einstein-Cartan equations 


(18)—(22) the terms induced by torsion contain the 
factor £ 2 , i.e., they exist due to nonminimal cou¬ 
pling of the p held with space-time curvature. It 
is this nonminimal coupling that makes ECT solu¬ 
tions different from those of GR, and in particular, 
as we shall see, it makes possible to obtain worm- 
hole solutions with non-phantom scalar helds p and 
ip (that is, with 771 = 772 = 1 ). 


3 Exact solution 

Let us now try to find an exact solution to the 
Einstein-Cartan equations with canonical (normal) 
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scalar fields: 771 = 772 = +1. Since finding solutions 
with given nonzero scalar field potentials is a hard 
problem even in the simpler case of GR, let us use 
the inverse problem method, by analogy with 134, 


be found but specify some other functions in accord 
with the desired properties of the solution. Since 
there are two potentials V (</>) and W(ip) , we can 
choose two such functions. 

First, let us choose the function r(u) in a way 
suitable for a wormhole solution: 

r(u) = \J u 1 + b 2 = b 2 \/x 2 + 1, (23) 

where x = u/b, and b is an arbitrary constant (the 
throat radius). Evidently, r' = 0 and r" > 0 at 
u = 0, as required. 

Second, we take the expression for cp(x) in the 
form 


35 , that is, consider the potentials as unknowns to 


<,Kx) = «{x 2 + 1 )) 1/2 , 

k(x 2 + !) ,/2 


(24) 


then Eq. (21) gives 
2 


b 2 (x 2 + l) 2 


+ 


6f- 1 


l;b 2 (x 2 + l) 2 


+ 


b 2 x 2 (x 2 + l) 2 ' 


Eq. (25) is solved for £ = 1/4 and 

<// 2 = _ - _ . 

nb 2 (x 2 + l) 3 

whence 

tp(x) = ip o± 2 x[k(x 2 + 1)]~ 1//2 . 


(25) 


(26) 


(27) 


Now, taking into account (23) and (24), we can 
obtain the metric function A(x) from (22). It is 
convenient to do that by bringing (22) to the form 

2 


2r z 4- 1 

B" + 2B’ 0 + T + 


x(x 2 + 1) ( X 2 + l) 2 


= 0 


in the dimensionless variables x and B = A/ (,t 2 +1) ; 
the prime means here d/dx. As a result, we obtain 


A(x) = ( x 2 + 1) 


C 

Bq - C\ arctan x 

x 


- 2 - 


. arctan x 


— arctan x 


x 


(28) 


where C\ and Bq are integration constants. Since 
A(x) should be regular at all x including x = 0, 



Figure 1: Plots of B(x). Curves A1--A6 correspond to 
B 0 = 3, 2.6, 7r 2 / 4, 2.2, 2.0, 1.8, 


we put C\ = 0. It means that our family of regu¬ 
lar solutions contains only metrics symmetric with 
respect to the throat x = 0. 

The asymptotic expression for A(x) as x — > 
±00 can be presented as 

A(x) - (#0 - ^)x 2 + 1 + B 0 - ^ =f ^■ (29) 
Thus the following cases are distinguished: 

(i) B 0 > 7 t 2 /4. The solution describes a traversable 

wormholes with two AdS asymptotic regions 
(AdS-AdS); 

(ii) B 0 = 7 t 2 /4. The solution describes a twice 

asymptotically flat (M-M) traversable worm- 
hole. 


(iii) Bo < n 2 /4. We obtain configurations with 
two de Sitter asymptotics (dS-dS), which 
contain static regions only if Bq > 2. If 
Bq < 2, the solution describes a pure KS cos¬ 
mology interpolating between two dS states; 
if Bo = 2, then two KS epochs are separated 
by a double horizon. 


Plots of B(x) = A(x)/(x 2 + 1) with different 
B 0 are shown in Fig. 1. 

In the twice asymptotically flat case (ii), com¬ 


paring (29) with the Schwarzschild expression A = 
l—2Gm/r and taking into account that r ~ u = bx 
at large x, we find the Schwarzschild mass m: 


m = 


irb 
6G ~ 6 


7 r b 

™ P 1 , • 

‘ P l 


(30) 
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Figure 2: Plots of W(x). The curves are marked in Figure 3: Plots of V(x). The curves are marked in the 
the same way as in Fig. 1. same way as in Fig. 1. 


where m p \ = 1 /\/~G and = \[G are the Planck 
mass and length, respectively. It is easy to esti¬ 
mate that if we suppose that the wormhole is large 
enough for transportation purposes, say, b = 10 m, 
then the mass will be of the order 1.5 TO 31 g, which 
makes about 1/130 of the Sun’s mass. The gravi¬ 
tational field in such a wormhole will be evidently 
too strong for a human being to survive. 

Let us find other quantities characterizing the 


solution. Choosing in (27), without loss of general¬ 


ity, the plus sign and ipo = 0, we obtain for W{x) 


from (19): 


W(x) = W 0 + (8 nb 2 (x 2 + l ) 2 ) -1 8B 0 x 2 {2 + x 2 ) 

arctan x 


+ 25aP(5+4x 2 ) - 2(75x 4 +125x 2 +32)- 
— (75x 4 + 150x 2 + 67) arctan 2 x 


(31) 


where Wq is an integration constant. Like B(x), 
the function W(x) is even. Plots of W(x)/8nb 2 —> 
W{x) with Wq = 0 are shown in Fig. 2. Note that, 
in accord with the wormhole symmetry, the func¬ 
tion W (x) is even. 

In terms of ip the potential W is 


W(ip) = Wo + 


1 


128k6 2 


8B 0 iP 2 (8 - ip 2 ) - 25 ip 4 


+ 500 ip 2 + 8(ip 4 — 8 ip 2 — 134) arctan 2 ip 

+ 4(9V> 4 -122^—256) V ^ 2 arctan ^’ 

ip 

where ip stands for y/Hip. 


(32) 


From equation (20) one derives V(x): 


V(x) = 


-8Kb 2 W 0 


8 nb 2 (x 2 + l ) 2 . 

- 8B 0 (4x 4 + 6 x 2 + 1) - 100x 4 - 101x 2 + 16 


+ 2(99x 4 + 149x 2 + 32) 


arctan x 


x 


+ (99x 4 + 182x 2 + 75) arctan 2 x . (33) 

Plots of V(x)/8nb 2 —> V(x) with Wq = 0 are 
shown in Fig. 3. 

In terms of (p we obtain 

V ^ = 8 ^[~ 8 ^ 

+ 85 0 (x 4 + 2 X 2 - 4) + 17 X 4 + 99\ 2 - 100 


- 2(18x 4 +49 X 2 -99) 


arctan U 
U 


— ( 8,\ 4 + 16x 2 ~ 99) arctan 2 U 


(34) 


where x = an d U = \J\ — x 2 /x■ 

The expression for the squared trace of the tor¬ 
sion S 2 = SkS k has the form 

9A(x) 


S z = -- 


(35) 


b 2 x 2 (x 2 + l) 2 ' 

Thus S l is a spacelike vector for A > 0 and a 
timelike one for A < 0, i.e., in a KS cosmology. 
The torsion turns out to be singular at the throat 
x = 0. On the other hand, at large x it decays by 
the laws 


S 2 


S 2 


x —>±oo 


~ X 


—4 


x —>±oo 


~ X 


-6 


0 for Bo 7 ^ vr 2 /4, 

0 for Bq = 7t 2 /4. (36) 
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4 Concluding remarks 


We have found a family of exact static, spheri¬ 
cally symmetric solutions with non-phantom scalar 
fields, describing asymptotically flat or AdS worm- 
holes. Its existence proves that not only worm- 
hole throats but also wormholes as global config¬ 
urations are possible in the ECT due to nonzero 
space-time torsion, without NEC or WEC viola¬ 
tion. In our view, it is a result of interest despite 
the special nature of this solution (in particular, a 
special value of the nonminimal coupling constant, 
£ = 1/4) and some unpleasant physical proper¬ 


ties of such wormholes: see the relation (30) be¬ 


tween their Schwarzschild masses and throat radii, 
making the enormous wormhole gravity so unfa¬ 
vorable for life. Let us recall for comparison that 
in GR with a phantom scalar field a wormhole may 
have zero mass combined with a throat of arbitrary 
Such solutions are “force-free”, or ul¬ 


size 32 33 


trastatic, in the sense that goo = 1 in the whole 
space. On the other hand, if we try to substitute 


A = goo = 1 to Eqs. (18)—(22) using the ansatz 


(23), it follows from (22) that either £ = 0 or 


4> = const, which means that there is no torsion 
], and wormhole solutions are impossible. 


see 


Though, one cannot exclude their existence with 


r(x) other than (23). 


Another problem with the above family of solu¬ 
tions is the divergent torsion at the throat x = 0, 
although the metric, the scalar fields and their po¬ 
tentials are perfectly regular in the whole space- 
time. One can show, however, that this singularity 
is not a generic property of such solutions but is an 
artifact of the method used for solving the equa¬ 


tions. Indeed, the singularity in (35) is obtained 


due to the ansatz (24) for the scalar <f >, which leads 
to f = k(x 2 + l)/ar. Quite evidently, choosing a 
slightly different cf (let us say, 4> = [«:£(x 2 -|-a 2 )] _1 / 2 
with a slightly smaller than 1) will make the quan¬ 
tities 4' and S 2 finite and regular at all x, pre¬ 
serving the qualitative properties of our solution, 
but the results would not take such a simple and 
observable form. 
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